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A group G is called a Dedekind group if every subgroup is normal. Equiv- 
alently, it may be defined as a group, G, in which the intersection of the non- 
normal subgroups is G, or one in which the subgroup they generate is trivial. 
In [l], Blackburn considered a generalization in terms of the first of these two 
definitions, namely to groups in which the intersection of non-normal 
subgroups is non-trivial. In this paper we take the second definition and 
determine some of the properties of groups in which the non-normal sub- 
groups generate a proper subgroup. 
For any group G, define S(G) to be the subgroup of G generated by all the 
subgroups which are not normal in G. G is a Dedekind group if and only if 
S(G) = 1. S(G) is a characteristic subgroup of G, and the quotient group 
of G by S(G) is a Dedekind group. 
THEOREM 1. If G is a group in which S(G) # G, then G can be expressed 
as a direct product H x K where H is a p-group for some prime p, S(H) # H, 
and K is a Dedekind group containing no element of order p. If, further, G 
is a non-abelian p-group, then the derived group G’ is cyclic and central, 
and either G has finite exponent or G has an infinite locally cyclic subgroup 
Z and the quotient group G/Z has finite exponent. 
THEOREM 2. If, for some prime p, G is a non-abelian p-group of class 2, 
and exponent at least 8, generated by normal subgroups H and K with the 
following properties: 
(a) G’ < H n K, and K is locally cyclic, 
(b) H/L has$nite exponent p”, where L has index p in G’, and 
(c) K is injnite or G’ has index at least p” in K, 
then 1 # S(G) f G. 
Conversely, if G is a p-group with 1 f S(G) # G then these properties 
(a), (b) and (c) are satisfied with H = S(G). 
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Notation. If X is a subset of a group G, then (X) denotes the subgroup 
generated by X, and Co(X) is th e centralizer of X in G. 1 G j is the order of G. 
If x, y are elements of G then [x, y] = .a-+cy. G’ is the derived group of G. 
H < G means H is a subgroup of G, and H u G means H is a normal sub- 
group. 1 is the identity element or the trivial subgroup of G. If Y is a subset 
of X, then X - Y is the complement of Yin X. 
Proof of Theorem 1. 
LEMMA 1. If G is a group in which S(G) # G then G is nilpotent of class 
at most 2. 
Proof. Let x be an element of G - S(G). Then (x) u G. Each element 
of G therefore induces an automorphism of (x), so there is a homomorphism 
of G into the abelian group of automorphisms of (x). The kernel of the 
homomorphism, which must contain G’, is the centralizer of x in G. So G 
centralizes every element of G - S(G), which elements generate G, and the 
result is immediate. 
We shall make use of the following relations which hold in any nilpotent 
group of class at most 2, for any elements x, y of the group and any integer n. 
(xy)” = xnyn[x, y]-‘“, where m = &n(n - l), (4 
[x,y]” = [x”,y] = [x,y”]. w 
LEMMA 2. If G is a group in which S(G) f G, then G is either periodic 
or abelian. 
Proof. Suppose G contains elements of infinite order. Since G is nil- 
potent, it is generated by these elements, not all of which lie in S(G). Let a be 
an element in G - S(G) of infinite order. If a is not central in G then there 
is some element g of G such that g-lag = a-‘, since (a) u G. Then 
[a, g] = a-2, which is central in G. By (B), [aW2,g] = a4 # 1 which is a 
contradiction, so a is central in G. If y is a non-central element of G - S(G) 
then ay, azy are non-central elements of infinite order, so both lie in 5’(G), 
contradicting the choice of a. Therefore G is abelian. 
COROLLARY. If G is a group in which 1 # S(G) # G then G is a direct 
product of p-groups for distinct primes p, each of which satisfies S(H) # H, and 
precisely one of which satisjes 1 # S(H). 
Proof. Since G is nilpotent there is a unique expression as such a direct 
product. The result follows immediately since if G = H x K and N is a 
non-normal subgroup of H, then N x K is a non-normal subgroup of G, 
so S(G) > S(H) x X. 
This completes the proof of the first part of Theorem 1. 
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Remark. If G is a group with S(G) # G and H is a subgroup of G con- 
taining elements of G - S(G), and K is a normal subgroup of G contained 
in S(G), then S(H) # H and S(G/K) f G/K. 
LEMMA 3. If G is agroup with S(G) f G then G’ is locally cyclic. 
Proof. By the above corollary it is enough to prove this when G is a 
p-group. We need to prove that, given any two commutators of elements of 
G - S(G), they generate a cyclic subgroup of G, so by the above remark, 
it is enough to consider a 4-generator group G. G/S(G) is a Dedekind group so 
its derived group has order at most 2. Therefore the subgroup of pth powers 
of elements of G’ is contained in S(G). Factoring this out, the derived group of 
the new group is cyclic if and only if G’ is, so we assume G’ has exponent p. 
Let xl , x2 , x3 , x, be the four generators of G, which we take to be in 
G - S(G). Let Xi = (xi). We consider the commutators z = [xi , x2] and 
t = [xs,xJ.Supposez # 1,t # 1.~ = [x,,x,]andzarebothinX, Q G, 
so since G’ has exponent p, either u = 1 or z E (u). Similarly u and t both 
lie in X3, so u = 1 or t E (u). Thus if (z, t) is not cyclic we must have 
[xi , xi] = 1 for i = 1, 2; j = 3,4. In this case G is the direct product of the 
two groups (xi , x2) and (xs , XJ each of which either has non-normal 
subgroups or is a quaternion group of order 8, and in any case we have 
S(G) = G. Thus (z, t) is cyclic and the lemma is proved. 
LEMMA 4. If G is a p-group with 1 f S(G) # G, and G can be expressed 
as a direct product H x K, where 1 # S(H), then the exponent of K is strictly 
less than the exponent of H. 
Proof. Let x be a non-central element of H, having order p”. Suppose 
there is an element y of order pn in K. Then (xy) is non-normal in G so 
xy E S(G). We have already seen that K < S(G), so x E S(G). If K has 
exponent as great as the exponent of H, it follows that H < S(G) so 
S(G) = G. 
LEMMA 5. Suppose G is a p-group with 1 # S(G) # G. Let H be a 
subgroup and g an element of G such that g centralizes H and (g, H) = G. 
Then either H’ < (g> or g has order strictly less than the exponent of H. 
Proof. g is central in G, so H’ = G’. Suppose H has finite exponent, for 
otherwise the lemma is trivially true. Since the exponent of G is the maximum 
of the order of g and the exponent of H it is enough to prove that the order 
of g is strictly less than the exponent of G. 
Choose x, y E G - S(G) such that [x, y] is a generator of G’, and put 
K = (x, y>. 
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If K E Q, the quaternion group of order 8, then either (g) > K’ = G’ 
or g has order 2, since S((K, g)) f (K, g). 
Otherwise 1 + S((x, y, g)) # (x, y,g) and the lemma is proved if we 
show that the order of g is strictly less than that of x or y. Therefore take 
<x, Y, g> for G. G’ < (4 n <y). 
Suppose that G’ Q (g), and suppose that g is an element of maximal 
order in G. 
We first prove the result in the case G’ n (g) = 1. 
(gG’) is a direct factor of G/G’, since gG’ is an element of maximal order 
in a finite abelian group, say G/G’ = L/G’ x (gG’). Then G = L(g) and 
L n (g) < G’n (g) = 1. Therefore G =L x (g), and by lemma 4, since 
g is an element of maximal order, S(L) = 1. L is a non-abelian 2-generator 
group so L s Q and since g has order at least 4, S(G) = G, contradicting the 
hypothesis. 
Now assume G’ n (g) # 1. The subgroup of index p in G’ is contained 
in S(G), so G’ n (g) < S(G). Factor G’ n (g) out of G denoting the image 
in the quotient group of an element or subgroup of G by a - over it. Since 
K $ Q, either xG’ or yG’ has order at least 3 in G/G’, so if C$ Q. Therefore 
1 f S(G) f G, and G n (8) = 1, so g is not an element of maximal order 
- -, in G. Now either %i? or TR’ is an element of maximal order in K/K and 
R’ < (x) n (7) so either 3 or J is an element of maximal order in K. 
Suppose j G’ n (g)] = pi. Then, since G’ n (g) < (x) n (y) n (g), 
wemusthave/gI =piIg/,jxI =pij~j,]yj =pijyj,and,aswehave 
- - 
shown that one of x, y has order strictly greater than that of g, we deduce that 
one of x, y has order strictly greater than that of g. This contradicts the 
maximality of j g 1, and completes the proof of the lemma. 
LEMMA 6. If G is a p-group with 1 # S(G) # G, then either G hm$nite 
exponent or G contains a central injkite locally cyclic subgroup Z and G/Z has 
jinite exponent. 
Proof. Suppose Z is an infinite locally cyclic subgroup of G (which must 
be a Z(p”) of [2]). Each element of Z is apnth power for any integer n, and so, 
by the commutator relation (B), commutes with every element of order pa in 
G. Therefore Z is central in G. 
The next step is to show that if Z exists, it is unique. Since Z contains 
central elements of arbitrarily large order, it follows from Lemma 5 that 
G’ < Z. Since G’ is contained in each such subgroup Z, if Z, , Z, are two 
distinct ones, G’ < Z, n Z, . On the other hand Z, and Z, are contained 
in the centre of G and generate an abelian divisible p-group which is not 
locally cyclic. By ([2] Theorem 4), this subgroup is a direct product of at 
least two Z(pm)‘s, that is, of at least two subgroups like Z. Since their product 
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is direct they cannot both contain G’, which contradicts what has already 
been proved. Therefore Z, if it exists, is unique. 
For convenience of notation, when G has no such subgroup Z, we put 
z = 1. 
We next show that either G/Z has finite exponent or G/G’ contains an 
infinite number of independent elements of order p” for each positive 
integer n. Assume G/Z does not have finite exponent. 
For each positive integer n let r, be the subgroup of G/G’ of elements of 
order at most pn. By ([2] Theorem 6), r, is a direct product of cyclic sub- 
groups, and we show that there are infinitely many direct factors of order pn. 
Suppose not. Let Fn be the group of p+lth powers of elements of r, . That 
is, pn consists of the elements of G/G’ having order p and height at least 
12 - 1 (in the sense of [2]). Then r, is finite and T%+, < i;i, . The elements 
of order p and infinite height in G/G’ form the subgroup ny=i ri . Since Fi 
is finite for each i > n, this intersection is pm for some integer m. If i?, is 
trivial, then r, has no direct factors of orderp, so G/G’ has exponent at most 
pm-l. If not, let r be the group of elements of infinite height in G/G’. Then r 
is also the group of p”th powers of elements of G/G’. Since each element of r 
is, for each i, the p i+mth power of an element of G/G’, it is the pith power of 
an element of r, so r is divisible, and hence, by ([2] Theorem 4), is a direct 
sum of Z(p”)‘s. By what has already been shown, r must then be the subgroup 
Z/G’. Then G/Z has exponent pvn at most. So we assume that there are 
infinitely many factors of order p” in the direct decomposition of r, , for 
each n, and show that this implies S(G) = G, contradicting the hypothesis. 
Let x be a non-central element of G and let y be an element of G such that 
xy f yz. Suppose (x, y) has exponent p”. Consider the direct decomposition 
into cyclic factors of rs, . (x, y)G’/G’ < Pa, . Expressions for elements of 
the finite group (x, y)G’/G’ in terms of the direct product involve only a 
finite number of direct factors so there are an infinite number of cyclic 
direct factors of order psn not involved. Let zG’, tG’, uG’ be the generators of 
three of them. Since G’ is locally cyclic we may suppose [z, t] = [z, ~]j for 
some integerj and then [z, tu-j] = 1. Replace t by tu-j to obtain elements x, t 
in G such that each has order psn modulo G’, zt = tz, (z) n (t) < G’, 
(z, t) n <x, y) < G’. ,zp” and #’ centralize (x, y) and for some iy, /3 not 
both divisible by p, v = zmpntsp” generates a cyclic group having trivial 
intersection with G’, and hence with (x, y) which it also centralizes. Then 
(x, y, V) = (x, y) x (v) and v has order at least pzn, so by Lemma 5, 
x E S(G). Such elements x generate G, so S(G) = G as required. Therefore 
G/Z has finite exponent and the lemma is proved. 
COROLLARY. If G is a group such that S(G) # G, then the derived group G 
is cyclic. 
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Proof. It follows from the Lemma that if G is a p-group then G’ has 
finite exponent. The result follows by Lemma 3 since the derived group of 
a Dedekind group has order 1 or 2. 
This completes the proof of Theorem 1. 
Proof of Theorem 2. 
LEMMA 7. If G is agroup of exponent 4 then either S(G) = 1 or S(G) = G. 
Proof. Suppose G has exponent 4 and 1 # S(G) # G. Consider the 
subgroup H of G generated by a non-normal cyclic subgroup of G, an element 
outside its normalizer in G, and an element of G lying outside S(G). H is a 
3 generator group of exponent 4 with 1 f S(H) # H. A minimal set of 
generators of H can be chosen to lie outside S(H) in which case the cyclic 
group on each of them contains H’, which must have order 2, so H has order 
at most 16. By inspection there are no such groups. 
LEMMA 8. If G is a group with S(G) # I, then G/S(G) is locally cyclic. 
Proof. We assume G is a p-group with S(G) # G. 
Suppose G has an infinite locally cyclic subgroup Z. Then, as in Lemma 6, 
Z is central and G’ < Z. Any non-central cyclic subgroup having trivial 
intersection with G’ is non-normal. Let x be a non-central element of G 
(such elements generate G) and suppose a@ E 2, xp--l q! Z. Then for some 
z E Z, XV” = .a~~ so ~-?a has order pa. (x-?z)~~-~ $ G’ < Z, so x-?z E S(G) 
and G/S(G) = .ZS(G)/S(G) which is locally cyclic. 
Suppose now that G has no infinite locally cyclic subgroup. We may assume 
that G’ has order p, by factoring out a suitable subgroup of S(G) n G’. 
We show that at least one element of maximal order in G lies outside S(G). 
For x a non-central element of G - S(G), (x) properly contains G’, so 
1 x 1 2 p2. Using the product formula A, 1 xy j < max( / x /, ( y I) unless 
/ x / = 1 y I = 2, when I xy 1 < 4. This is because G’ has order p. There are 
thus elements of maximal order in G in any set of generators of which not all 
have order 2. In particular there are such elements in G - S(G). 
Let x be such an element, of maximal order in G, lying in G - S(G). Then, 
by Lemma 5, G’ < (xj. If x is central then the argument used above is 
applicable. If x is not central then suppose y E G - (S(G) u C,(X)) (such 
elements, together with X, generate G). 
Suppose xpa has the same order as y. If xpa and y commute then the above 
argument can be applied. If xPn and y do not commute, then since G’ has 
order p, 01 = 0. Since y 6 S(G) u Co(x), (y) n G’ f 1. Suppose yfl’ E (x), 
yPB-l $ (x). Then /3 > 1, y@ = ~““a. So (~-lx”)r’a-~ $ G’ < (x), (y-%“)@ = 1 
if p divides $po(pa - I), that is, unless p = 2, /3 = 1. Apart from this case, 
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y-lx” E S(G). If p = 2, /3 = 1, then (x, y) is the group defined by the 
following relations: x2 = y2, x2” = u = [x,y], u2 = 1, with 01 >, 2 by 
Lemma 7. In this group the subgroup generated by y-r~~+~*‘-~ is non-normal. 
Therefore Y-Y+~“-~ E S(G). In each case G/S(G) = (x) S(G)/S(G) which 
is cyclic. 
We now complete the proof of Theorem 2. 
Suppose first that G is a non-abelian p-group of class 2 and exponent at 
least 8, satisfying (a), (b) and (c). Clearly 1 f S(G). Let x be an element of K 
of order at least pm >, 3 modulo G’. We show that x $ S(G). For h E H, 
(Xh)P” = x~“u”~+S~“-l, where p divides /3ppn-l unless p = 2, n = 1; but this 
case has been excluded (H/L is non-abelian). Therefore some power of xh 
is u, a generator of G’, so (xh) Q G. This is true if x is replaced by an element 
of K of greater order, so x does not lie in a non-normal cyclic subgroup and 
cannot be expressed as the product of two such elements. Thus x # S(G). 
Therefore 1 # S(G) # G. 
Conversely, suppose G is a p-group with 1 f S(G) f G. By Lemma 7, 
G has exponent at least 8. Then take H = S(G), K an infinite locally cyclic 
subgroup if G has one, or if not, then a cyclic subgroup of maximal order 
whose generator is x E G - S(G). By Lemma 8, H and K generate G, 
and G’ < H. We lack only the conditions on orders and exponents. 
Suppose first that K is infinite. Then S(G)/K n S(G) is isomorphic to 
G/K, which has finite exponent. Every proper subgroup of K is finite, so 
S(G) has finite exponent. 
Now suppose that K is finite and that / K/G’ 1 = p”. We may assume 
L = 1, so G’ has order p. Now in the proof of Lemma 8 we have seen that 
for y in a set of generators of G, there is an integer a depending on y such that 
xay-1 E S(G), and (x*y-1) n G’ = 1. xay-1 has order at most p”. Since G’ 
has order p, the product of two elements of order pn has order greater than 
pm only if p = 2, n = 1, which is the case of exponent 4, excluded by 
Lemma 7. S(G) is a subgroup of G containing these elements x”y-‘, SO is 
generated by them, together with a# for some p > 1. xps has order at most 
p” and is central, so S(G) has exponent at most pn as required. This 
completes the proof of the theorem. 
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